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Abstract
A digest of a mathematical investigation on surf
due to long swell 18 offered to present the assumptions and
conclusions in a form usable by the experimental physicist.
The results so far obtalned are mainly qualitative, but quite
detalled in some respects, and radically different from the
results of earlier analyses. Some new observational material
is also presented. It appears that a simple, non-linear model
is capable of describing the essence of the whole phenomenon —
breaker formation, breaker collapse, run-up and back-wash —
for a quite representative type of surf.
1. Introduction
‘ A new mathematical treatment of surf on beaches has
been given in a recent triplet of papers (Ho and Meyer, 1962,
Shen and Meyer, 1963 a,b), but the presentation required to

1The pesults here presented were obtained in the course of
research sponsored by the Office of Naval Research, first under
contract Nonr 562(07), and later under Contract Nonr 562(34).

2Now at the Mathematics Department, Georgia Institute of
Technology, Atlanta, Georgla.
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prove its logical cohesion is needs addressed to the mathe-
matical specialist. We hope to stimulate experimental work
on surf by the following explana%ion, shorm of the techni-
calities, of the assumptions and the results of our analysis.
Lest the theory be’ rejected out of hand on account of its more
unexpected prediétions, we present some photographs showing
those to be realistic.’

The analysis involves no approximations. We therefore
state ﬁirst all.thélassumptions, and then lm;ediately all the
conclueions.we have drawn so far. Not all these statements
can be in purely physical language, since some concepts emerge
as 1mpor?ant for which such language does not yet exist. We
conclude with some tentative remarks on experimental questions
which might elucidate. the limitations of scope of the mathe-
matical model. ‘

2. Formulation.

We consider a two-dimenéionai motion of water on a
beach of uniform slope, as for swell coming in from the sea
with creats parallel to the straight shore. To avoid the ad-
ditional parameters 1nvolvéd in the interaction of a breaker
with the back-wash of the preceding wave, we restrict our at-
tention to very long swell. More precisely, we consider a
single wave traveling shoreward into water at reaf.

The water motion is assumed governed by the first-

order non-linear long-wave equations (Stoker 1957)
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dh/dt + d(hu)Ax = 0 , (1)
du/dt + wWu/dx + gd(h-h )/Ax =0, (2)

where x denotes the horizontal distance, measured landward,
t the time, h(x,t) the total local water depth (Fig. 1),-'1:0"'(x)
the equilibrium water depth, g the gravitational:acceleration,
and u a horizontal water velocity (in fact, if u be interpreted
as the vertical mean of the horizontal veloclty component, then
(1) is an exact, kinematical statement of mass conservation on
a non-porous beéch). We cannot at thls time offer a satisfactory
a-priori explanation  why (2) should have any connection with
water on a beach.

A second, crucial assumption is that the front of the
incoming wave is formed by a bore. This term needs a clear
definition in the present context. It is known (Stoker 1957)

that progressive waves governed by (1), (2) form steep fronts —

| much as 1t is observed for swell approaching a beach — and then

develop a singularity of the water acceleration and surface
slope indicating a break-down of whatever set of assunptions
underlie (1), (2). On the other hand, observation and analysis
inidcate that the region in which those assumptions fail,
remaihs of relatively short horizontal extent. A model thus
becomes attractive in which any questions regarding the detailed
water motion in that narrow region are ignored, it being assumed

only that mass is conserved and also that momentum is conserved



in the approximate sense consonant with (2). This turns out
to furnish a consistent mathematical model in which the ex-
ceptional narrow region is represented by a discontinuity,
the "bore", and the analysis then proceeds regardless of
whether; and how, a real breaker develops.

. The assumption of a bore is one of two main featu;es
distinguishing our work from that of Carrier and Greenspan
(1958), who studied certain particualr, bore-free solutions of
(1), (2) and showed those to have a shore behaviour radically
different from that predicted under the present assumptions.
Note that the distinction }s not whether the waves do, or do
not, form actual breakers, butzwhether they éQ, or do not,
steepen locally more than is consistent with (1), (2). Ve are
indebted to the U.S. Weather Bureau for access to unpublished
computational results indicating that even very low swell is
very likely to develop the singularity connected with bore
formation, if it be governed by (1), (2).&

The éormation and e2rly development of a bore are
relﬁtively weli understood from the gasdynamical analogy
(Stoker, 1957, Meyer, 1960), and the analysis here discussed
therefore starts at a time when the bore 1e®already fairly weil
developed and forms the front of the wave, a: indicated sche-
matically in Fig. 1. BHor a bore thus traveling sh;reward into
water at rest, the conservation conditions show (Stoker, 1957)
the water level to rise from h° on the landward side to hb on
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the seawvard side of the bore, and the water velocity to rise .

similarly from nothing to u,, according to

wA = 1-h /n,, 2v? = gh,(1+h,/n ), (3)

where V denotes the velocity of the bore itself. These condi-

tions also imply that a certain amount of energy dissipation
takes place in the bore (Stoker 1957).

Since (1), (2) represent the water motion as.a strict
wave-propagation process, the development of the bore ‘over any
chosen time-interval depends only on a limited part of the .
water motion to seaward. In this connection, the plausible
assumption 1is made that tﬁ; bore reacheé the shore at a finite
time. It 1s then shown that the water wave to "seaward of the
bore possesses a '1imiting ray of propa&ation' defined by (1) s "
dx/dt‘.=u(x,t:)+l:i;h(x,t.:)]l/2 and®(11) it reaches the shore at the
same time as the bore. ® For cla‘rity, an x,t-diagrame®should be
consulted (lower part of Fig. 1)°. The time of arrival of the
bore at the shore 1s taken as t=d, and the water motfon is suﬂL .
posed to be observed at some initial ;ime t=7<0, and to be pre-
dicted for t<T. [Of courge, with this normalisation, T is
one of the unknowns of, the probleml. If the :bore path!' B
(Fig. 1) marks the successive positions of th; bore in the

-

.diagram, snd the curve L marks the limiting ray, then the part

of the wave that lies at t=T bep@aen the bore position X and’
the limit ray position X, (Fig. 1) plays the following role.



[} .
e Specification of the initial wave shape h(x,T) and the initial
[ ]

velocity ‘distribution u(x,T) from x=X, to x=X is known to suf-
fice for the determination of the bore development from t=T
to t=0 by means of (1) to (3). The wave.shapé to seaward of
the 1imit ray L is irrelevant to the bore development.

¢ A second main distinction between our work and that
of Car;ier and ‘Greenspan 51958) arises in this connection.
While theyséconsider.only a few, particular types of wave shapes’
the assumptions here made admit a rather general class 8f waves,
vhich 1s more likely to include those actually corresponding
to observed ‘swell. It is, in fact, one of the striking results
of the analysis how very little needs to be specified in regard

to the wave to seaward of the.bore.
3

3. Selective Mgmgrx. ° *

The work here discussed was originally undertaken to o

elicidate a phenomenon of importance in gas dynamics and also
noted in three sample com;utations of Keller, Levine and

Whitham (1960) on the problem outlined in the preceding section.
They found three solutions of (13 to (3) with different initial
behaviour to converge closely to each other with increasing
time, The three solutions thus appeared to forget their initial
wave shapes. The basic reason for this phenomenon was found

(Ho and Meyer, 1960) in the degeneracy which (1), (2) are easily
seen to experience where the water depth h(x,t) vanishes. The |

ultimate development of the bore, close to shore , was shown to




be essentially determined, not by the details of the initial
wave shape and velocity distribution, but by a single gualitative
property of the part of the wave extending from X, to X (Fig. 1)
at the initial time T.

* The precise statement is as follows. Equations (1),
(2) possess two families of rays of propagation, viz. the
'advancing'! rays, of which L is a member, and the 'receding'

rays, for which dx/dt=u(x,t)-[gh(x,t)]1/2

.and of which that
issuing from the bore at time T will be denoted by C (Fig. 1),
Inste;d of setting initial data from x=X, to =X, it 35 mathe-
matically equivalent and more convenientito set corresponding
data on the segment of C extending from the bore path B to the
limit ray L (Fig. 1). Ho and Meyer (1962) specify merely that

the quantity

<

u(x,t) - ghot/xk+ 2['_?,h(x,t)]:l'/2

shall be a strictly increasing function of time on this segment
of C. This 'monotoneity assumption' is effectively an ineguality
concerning the water accel tion, and a physicel interpretation
is desirable. Note, however, that thls assumption, while prqéen

sufficient, is not known to be necessary for the results that

follow, and hence, a simple physical interpretation is not certain

to exist. Moreover, so long as no a-priori physical Justification

for (1), (2) is available, a similar jJustification for the cor-
responding initial conditions may be premature.

PR
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. Apart from a mathematical regularity asstmption of no
oceanographical significance, the above specification completes
the assumptions of the analysis, and we now turn to the results.
The bore'height hb-h falls to zero, as the bore ap-
proaches the initial shore position x=0, and both the bore
velocity V and the water velocity Uy immediately to seaward of
the bore te;d to a fin'ite limit u, (Keller, Levine and Whitham,
1960), On the basis of the monotoneity assumption, it was shown
that u, >0 and in fact, that V and uy mst increase ultimately.
This agrees with observation on sthe beach. The lasi stage of

the bore‘s approach to the shore is thus a*process in which

potential energy lseconverted into kinetic energy.

It 1s also shown that the water acceleration, immediate-

ly to seaward of the bore, develops a singularity, as t-—>0

which 1s characterised by a parameter 8, connected with the ac-
celeration distributie; of the wave at the initial time T. This
fact turns out to determine the asymptotic development of the
bore, as t—> O, up to about the tenth approximation. The first
seven were derived explicitly, beceuse they show in what sense
surf has a selective memory. If the water helght hb on the
seaward side of t?e bore is made non-dimensional by division by
ug/g and the bore poaiticn Xy is made non—dimensicnal by division

by ug/y, where the constant

v = -gh /x
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is the beach slope in acceleration units, then the first six

approximations to the relation betwe.en the two quantities are

independent of the initial wave ghape — they look like a power
series with p\irely numerical coefficients. Only the seventh

and higher aprroximations depend on the "parameter a,. The

other properties of the bore are derivable from the relation .

@

betweext hb and Xps and their asy!:lptotic appl.'oximations have ‘a
similar form. As the bore approaches close to the shore, it
is thus seen to remember (1) the.i.nequality for the. accele.ration
on C, which controls the whole character of the ultimate bore
behaviour, and (1i) the basic,velocity scale u,, which, 1s an .
integral property of the wave forming and propelling the bore
and is, presumably, a measure of the energy of the part of the
wave extending from x=X  to x=X (Fig. 1) at the initial time T.
All details of theg initial wave shape are virtually forgotten.
This. resulz also co.ntains a suggestion on how experi-
mental data might be plotted profitably.. I u, and g be used o
to define the scales for .all veloclitles and®water heights, and
u, and y for all horizontal distances and times, then within
the framework of the assumptions stuted, there is only one bore
behaviour, close to shore. The more detailed effects of initial

wave shape are reflected in the values of a, and of further

k
parameters to be anticipated in higher approximations and should,

at t:;est, be detectableh only in specially designed experiments.
The prediction of the influence of 8,9 according to the seventh
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appreximation, is shown in Fig. 2. Note that all the curves in
this figure, though broken off for clarity, really rise to unity

at x=0; the conversion of potential into kinetic energy is = .
marked effect. N

®
4. PRun-up and Back-wagh. )

We are indebted to Dr. Van Dorn of the Scripps Insti-
tution of Oceanography for impressing upon ug the importance of
an improved understanding of wave run-up in;connection with
tsunamis, and have therefore extended the adzlysis beyond the
*collapse of the bore on the beach., In view of the radiative *
character of (1), (22 it is natural that a prediction of the
water motion for t >0 should require a knowledgze of the initial
wave éiape ;nd velocity distribution for x <X, (Fig. 1). This®
is fully borne out in the work of Carrier and Greenspan (1958),
where extending the determinatlion of the motion over any given
time-interva{ requires use of the initial data over a comparable, o°
additional x-interval. But it is not at all true Jhen a bore
1s present. ° * ¢
The reason for this is agaln the degeneracy of (1),
(2) where h=0, which leads to a complicated singularity of
virtually e11 non-observable quantities occurring in the analysis.

As a result, the shore movement during the run-up and most of

the back-wash, and much of the internal structure of run-up and

back-wash, turn out to depend only on the same part of the initial

wave shape which determines the bore'!s approach to the shore.
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Moreover, they depend again, not on the detailed wave shape, but
only on the inequality for the acceleration and on the basic

velocity scale uo.3 °

. The shore line x_(t), defined by h(x,t)=0, 1is found
to set‘out at t=0 to move landward with initial velocity u, >0.
This implies, somewhat unexpectedly, that the shore line® has a
discontinuous velocity, i.e. dxs/dt jumps from zero to u_, at
t=0. Plate 1 shows five frames from a film of surf; they were
selected at equal intervals of 12 frames, and the man (who did
not move his feet during the time covered by these five frames)
provides a reference. The first three frames denoted by t=-2k
-12 and 0, show the shore Just before the arrival of a breaker,
and apart from a little residual back-wash activity, the actual o

shore line (in contrast to the breaker) is seen to be largely at

3Shen and Meyer (1963 b),proceeq without approximation from
the set of assu;ptions stated above, except that they extend
the monotoneity assumption gn C over an arbltrary time~interval
e beyond L (Fig. 1). But then they permit ¢—> 0, and since

the time of intersection:of C and L 1s an unknou; of the
problem, no physical extension of the earlier assumptions is

involved.
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rest. Comparison with the last three frames, t=0, 12 and 2%,
shows that, upon the arrival of the breaker at the very shore
(frame t=0), the shore line assumes a considerable velocity
rather suddenly. Of* course, the actual process is not a d.is- *
continuous one, but as the mathematical model ignores the finer
structure of the bore, so 1t. mist describe at;xy other process on

the same sCale as discontinuous. |, .
The mit;al acceleragion of the shore line is

gdho/dx.r- -Y.<0, and it retains this fixed dgceleration during
the whole run-up and part of the back-wash. In fact, what the
analysis proves, under the assumPtions stated, is that the
limiting fluid eclement at thewer.v shore — and only that eLement -
moves independently of the rest of the water, during. this period.
Accordingly, the successive positions of the shose are marked

in the x,t‘—diagram b§ a paraboI™c path P (Fig. 3‘)'; the maximum

[ ]
horizontal run-up distance®is ui/(Zy), the corresponding run*lp

Jieight above the equilibrium wate? level is us/(2g), and at the
®

time t= uo/Y’ the shore line begins‘ to recede again, Of course,
in view of the neglect of friction and various other effects,
these quantitative predictions only furnish upper bounds for
the realqrun-upgdistance, height and time, eMoreover no method
is available yet for estimating the Yalue of u, from the prop-

&

erties of swell far from the shore.
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The water profile close to shore, i.e. the net water

height h(x,t) for any fixed t >0 and- small x_-x, is

h~(x-0%/G6)2 ‘
[ ]

to the first approximation. Again, this does not apply to the
very tid of the run-up and back'-wash,wr:ere friction and .surfac.e
tension should be important. But it indicates s much thinner
sheet of run-up than might have been expected from the mathe=
matical model, and in particular, predicts a very marked, pro-
gressive thinning of the run-up and back-wash sheet with time.
It is thus not necgssary to appeal entirely to seepage for an
explanation of ‘this observed effect — much of it 1s explaingble
already from the theory of 1deal ofluld mo:,ion on an impermeable
beach. e °
All these p;;dictions,though in marked contrast to

those obtained from Carrier and Greenspan s particular solutions
and from the linearisdd theories (utokEr, 19%47), correspond to

®
features visibl.e to the casual observer on the beach. But we

®were startled to find that the assumptions stated sbove :l.mply
[ ]
JIhe presence, in the mterior of the back-wash,of a singularity

of the water-acceleration of the type generally assoclated with
bore formation, The curve D marking the successive positions’
of the sinéularity in the x,t-dlagram (Fig. 3) 1is called 'limit

line'. 1Its genesis and precise course are not determined by the
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assumptions underlying the analysis, but those assumptions do
imply that it must ultimately run towards x=-~c, with the para-
bola P as asymptotq, and hence 1ts general course must be as
indicated in Fig. 3.

There are only two known interpretations for a limit
line (Meyer,.1966), viz. elther the problem is physically ir-
realistic, or a bore forms, If the latter be accepted, the
presise formation and development of the bore are again not
determined by the assumptions ef the analysis, but on general.
grounds (Meyer, 1960), the bore position must be t8 shoreward
of the limit line position, even though very little so while

®the bore is still young and weak, The general, course of the
.bore‘path in the x,t-dlagram must therefore be as indicated by
the broken line in Fig. 3. e .

.N.ow., there are two types .of limit lines, assoclated
with different kinds of bores, and the limit line D is found
to be of the type assoclated with a bore of the same kind as .
the original bore forming.the front of the incoming wave. As®
across the original.bore, therefore, the water levei rises from
landward to seaward across the new bore in the back-wash. Qut
much in contrast'to the original bore, the back-wash bore must
be expected to move seaward rather ‘than landward (Fig. 3). We
were unable to see such a bore on our local beaches, perhaps
because the swell was too short, However, Plate 2 shows three
frames taken, at equal intervals of 16 frames, from a different
part of the film mentioned above, and a back-wash bore with the

features predicted by the analysis is clearly observed.

e R s



o

15

]

5. Beacheg of non-uniform slope.

The analysis of (1) to (3) has not progressed nearly
as far for that case, but functions u(x,t) and h(x,t) have been
constructed (Shen and Meyer, 1963 a) which satisfy (1) to (3)
approximately and possess.the same type of‘singulerity of the
acceleration on the seaward side of the’main bore as the func-
tions discussed above. It 1s a plausible conjecture that the
new functions furnish again an appropriate asymptotic approxi-
mation, and 1ts degree of dependence on fhe variation%'of beach
slope is found about as small as the degree of dependence on
inftial wave shape noted above. )

Since the mathematical shore singularity is the same,
it would be expected that the limiting fluld element ;.t. the
shore will again be found to move independently of the rest
of the water, during the run-up. If so, then the same upper
bound ua/(Zg) for the maximum run-up height would be obtained,
provided the beach rises monotonically to landward.

6. Remarks.

As simple a mathematical model as (1) to (3) must
obviously leave out of *account ma;y effects of some importance
in surf. However, the observationafuverification of the quali-
tative predictions which we have presented 1enes strong support

to a contention that the model describes the essence of at

least some types of surf,
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But (1) to (3) are not certain to describe all types
of surf. We are indebted to Mr. Saville of the U.S. Army Beach
Erosion Board for showing us films of tank experiments involving
surf with a shore behaviour bearing out the predictions of (1)
to (3) very roughly, but not all all to the same degree as the
surf shown on.Plates l, 2. The most immediately notable dif-
ference in the circumstances was that the tank 'beach' was much i
steeper, and showed rapid va&iatidqs of beach slope over much
shorter distances, thah the Californian beach of Plates 1, 2.
This suggests the presumption that our ;odel may be valid prima-
rily for® beaches which are 'flat! in some sense. Further, and
especially experimen;.al work would seem®required %q clarify L]
this point, i

In particular, it remaiLs to be determined whether
1slands suffering tsunami damage have slopes 'flat' with rspect
to tsunami swell in such a sense. In this connection, it may
be relevgnt that 1t would appear not yet to be known with .
certainty whether all tsunami waves form bores on such 1sland
slopes. (Such local bogp formation would be different from the
tendency to bore formation by the very first wave noted by
Miller, Munk agd Snodgrass (}962) and, perhaps, explained by »
Shen and Meyer (1961)). Note again that the question concerns
the formation of bores, not breakers, and that, even on the basls
of (1), (2), 1t would be expected to occur only very close to 5
shore. If bore formation doss not occur, then g}), (2) would not
be expected to apply to tsunaml waves on such slopes, and a com-
parison of our predictions with experimental results might point

the way to the proper mathematical model for tsunami run-up.

e At ikt b S 23 e MR i Sk
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Plates 1, 2 are from a videotape taken under the
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